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Abstract. Given two real numbers a and b where a < b. Let §
be a nonnegative real function on interval [a,b]. By changing the
role of interval system on R by 5—f1111(al(:11t;1| interval system, we
construct the §-Henstock integral (Rj-integral) of real function on
[a,b]. We discuss some properties of the integral. Furthermore, we
also discuss the equivalence of Rj-integral to §-special Denjoy integral
(Dj-integral).
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1. Introduction

There are two types on defining the integrable function in a cell:
namely, descriptive type and constructive type. Descriptive type integral is
defined by the characteristics of its primitive function, whilst the construc-
tive integral is defined by the limit of Riemann sum of partition on the cell
(13))-

The examples of descriptive type integral are Lebesgue integral which
is constructed by H. Lebesgue in 1968 ([7]), Approximately continuous
Perron integral which is contructed by Burkill in 1931 ([2]) , General-
ized Approximately Continuous integral has been introduced by Ganguly
and Mukherjee ([4]), whilst Denjoy integral has been inruduced by Kubota

([9], [10], [11]), Restricted Denjoy integral ([5]), and d-special Denjoy by
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Manuharawati ([15]). The examples of constructive integral are Riemann-
Lebesgue integral ([5]), Riemamn Complete integral or Henstock integral
which was constructed by R. Henstock in 1968 ([7]), Pettis integral ([16],
[17]), and Generalized Riemann integral was constructed by McLeod ([8],

(14]).

To accommodate the integral user, many mathematicians examine
the relationship between the descriptive integral and constructive integral,
and even researchers have proved the equivalence between the two types of
illtegﬁs‘. These proofs have been done by Kubota in 1980, which proved

that Henstock integral is equivalent to special Denjoy integral ([12]).

Bullen in 1980, has proved that the Burkill Approximately Continuous
mtegral is equivalent to the Approximately Continuous Perron integral and
the Pettis infegral is equivalent to the Lebesgue integral ([1], [17]), and
Gordon ([6]) has also proved that Generalized Riemann and Restricted

integral are equivalent.

By substituting the 5—@(—3 partition of [a, b] in the definition of Hen-
stock integral in [a, b] with the §-fundamental partition of [a, b, we construct
a Riemann type integral or constructive integral type here in which is called

d-Henstock or Rj-integral and it is discussed some properties in it.

Furthermore, by using the ideas of Kubota ([12]), Bullen ([1]), Tala-
grand ([17]), Gordon ([6]), and using the concept of d-continuity and its
properties, it will be proved the equivalence of the Rj-integral with Dj-

integral which constructed by Manuharawati ([15]).

2. Preliminaries

Given a positive function § on a cell [a, b]. Let D, be a d-fundamental

interval system of @ and G be a collection of all D, (Definition 2.1 in [15]).
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If
A={l,m]:l,me Dyl <z <m,D, G}

then A is cover of [a,b] and is called fundamental full cover (FFC) of [a, b]

and G is called a generator of FFC-A.
Definition 2.1. Givgpoa positive function d on [a,b], and G = {D,} be a

generator of FFC-A on [a,b]. A §-fundamental partition on [a,b] is a set
P = {a=ag,a1,a2,,a, = bixo, 21,22, , 20} = {[u,v]; 2}

with properties aj—1 < x; < a; and a;_,a; € D,, € G.

Theorem 2.2 ([8, p.77] For every FFC of a cell [a,b] there exists a 6-
fundamental partition of [a,b].

3. Results and discussion

Definitigg 3.1. Let § be a nonnegative real function on a cell [a,b]. A
function f : [a,b] — R” is said ﬁ)e d-Henstock integrable function on
[a.b], and denoted by f € Rj[a,b] if there exists a real number L such that
for every real number £ > 0 there existg FFC-/\ on [a, b] such that for any

d-fundamental partition P = {[u, v]; 2} of [a,b] implies

IL—(P) Y (F(@) (v —w)| <e.

If f € Ri[a,b] then f € Rj[a,x] fora:ery z € [a,b].
3
Furthermore, if f € Rj[a,b], there exists a function F : [a,b] — R

such that
@x
F@) = (7;) [
a
Consequently, Definition 3.1 1s equivalent to the following definition.

Definition 3.2. Let § be a nonnegative real function on a cell [a, b]. g

function f : [a,b] — R” is said to be §-Henstock integrable on |[a, b], if there




110 Manuharawati

exists a real function F on [a,b] such that gr every real number £ > 0
there exists a FFC-A on [a, b] such that for any d-fundamental partition

P = {[u,v]; 2} of [a, b] implies

(P)Y_(Fv — )= f@)w=w)| =|F(a,b) - (P) Y _(F@)w —u))| <e.
A funetion T such as is called a Rj-primitive of f on [a,b].

Theorem 3.3 (Henstock Lemma). If f € Ri[a,b], which satisfies Defi-

nition 3.2, then for every subpartition P. of P implies

(P2) D (F(u,v) - f(a)(v —u))] < 2e.
a a

Proof. Let £ be a real positive number. Since f € Rj[a, b], then there exists
a d-fundamental partition P = {[u,v];z} of [a,b] such that Definition 3.1

holds.

Let P. be ggsubpartition of P and A is the union of all [u,v] which
([u, '(%) € P and B = cl([a,b]) — A.

It is easy to prove that f € R3;(B). So, if P1 = {[u,v];z} is a §-
fundamental partition of B then Definition 3.1 is hold if P is changed by
Py.

If
Po =P, UP,
(5]
then Ps is a d-fundamental partition of [a, b]. Consequently
[(P.) D (Flu, v) = f(@) (@ =w)| < |(P2) ) (F(u,v) = f(z)(v = u))
+|(P1) Z[F(u,’u] — flz)(v—u))| <e+e=2e.
(]

a
Theorem 3.4. If f € Rj[a,b] with a Rj-primitive of f on [a,b] is F then

F € Csla,b).
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groof. Let ¢ be an arbitrary at [a, b] and ¢ be a real positive number.

Choose

£
c

7= .
2(b - a)[|f(c)l +1]
By applying Henstock’s Lemma and axiom of (‘i-furldﬁnental interval ([15,

Axiom A;]), there exist a d-fundamental interval D, such that
|F(v) = Fu)] < |f(e)|(v — u) $£ 3 <E.

FuveD,yu<e<y v—u<vy. So, F € Csla,b]. O
Theorem 3.5. If f € Rj[a,b] with a R}-primitive of f on [a,b] is F then

F € ACGjla,b).
Proof. Let ¢ be an arbitrary real positive number. Since f € Rja, b], then

there is a monotone function ¢ on [a, b] such that ¢(a, b)g ¢ and for every
i\

x € [a, b] there is a d-fundamental interval D, such that for every

U, € Dxm[a, b]
and u < x < v, we have
|9{1J — flz) (v —u)| < p(u,v)

or
|F(v) - Fu)| < |f(x)[(v = u) + (u,v)
Ifa' every i,n € N, we define

Y,

{x € [a,b]: 1&

1
Yoi = Yanlo+ ——ja#

1
- !
n
then [a,b] = Uj nenYa i

Let @ be an arbitrary element of Y;, and

D! =D, ﬁ[ﬁt,—l z+ ]
T
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then by A; [15], D’ is a d-fundamental interval at a.

Let (1) be an arbitrary sequence on Yy, ;, then there is a sequence of non

overlapping fundamental d-interval (Dg, ).
Since F € Cjla,b], then for any uy € Yy, N Dy, , and

ap = min{xy, ug},

b max{w, uy},

we have F € Cslax, bi).

So, there are real numbers oy, 3 such that
W(F; [ar, bi]) = |F(ak) — F(B)|-
Cowqucntly,_ we have

Y WFilanbi)) = > |F(aw) - F(5)|

keN keN

< D 1f (@)l lak — Bel + Y (@) — w(Be)

keN keN
<n Z |ew — Bi| + <.
keN
DY | S ot
a — Byl < — =1, then
keN
> w(F;[ak, b)) < 2e.

keN
It means that, F € ACH (Yn.i).

Consequently, F € ACGj([a,b]).

O

Theorem 3.6. A function f is Rj-integrable on [a,b] if only if f is Dj-

integrable on [a,b].

Proof. Sufficient condition.
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16 |

Let F be a Rj-primitive of f on [a,b]. It is easy to prove that DsF(x) =

f(x) a.e on [a,b]. 7
7
By Theorem 3.4 and Theorem 3.5, we have F € Cs[a, bl and F € ACG}([a, b]).

By applying [15, Definition 3.1], we have f € Dj}([a,b]). @
8

Necessary condition. Since f € Dj([a,b]), then we have a real function

F defined on [a, b] such that

DsF(x) = f(z) a.e on [a,d]

and
F € Csla,b) ﬂACGZ[[a, b]) ([15, Definition 3.1]).

If
YV ={z € a,b]: DsF(z)

exists but
DsF(z) # f(x).v.Ds F(z)

does not exist, then p(Y) = 0.

Let ega an arbitrary positive real number and z € [a, b].
There are two cases of z, i.e. ¢ € [a,b] - Y orz €Y.
Case 1. If 2 € [a,b] — Y, then there exists a J-fundamental D/, such that

e(v—u)

F(0) = F(u) = ()0 = w)] < - —

for any u < < v, w,v € D), m[a, b].
Case 2. If x € Y, then for any n € N we have constructed a set

Yo = {z € (@0 217 @) <),

Consequently, we have

Y = UY

neN
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Since F' € ACGj[a,b] then there is a sequence of set (X;) such that
[a,b] = UienX;

and
F € ACS(X;)

or every i . or every n. m N
f yieN. If f v n,me N,
Srl.l'N =Y¥.N Xm

gen we have:

(1) U U Sn.m = Y!
u\ImEN

(ii) for every @ € S, m, |f(z)| < 27,

(iii) F € AC}(Snm)-
Since F' € AC;(Sn.m), then there exists a positive real number v, ,, such
that for any sequence (x;) on S, there exists a sequence of non-overlapping

d-fundamental interval (D) ) such that for any
u; € D:_ ﬂ Shm

and
z |iri - ?"'il < Yn,m
iEN
we have
Z w[F‘_. [t’lg.. !l}?:]} < W
iEN
if a; = min{x;, u;} and b; = max{x;, u;}.

Since Sy C Y, then p(Sn,m) = 0. So, there is a sequence of open interval

(I

e,

= (u,v)), u < x < v such that

S"-m c U Jijr,‘nr.

JEN
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and

z £
Z ;“(I;?n,m) < 2ntm
JEN

Ifz €Y and 2 € I¥ , for a some k, then we have chosen a d-fundamental

"nr

interval D;" such that D, c I¥ .

If # € Y and x is end point of I* | then there is not d-fundamental interval
D.. such that

D,cI¥

n,m-*

Let
A={z €Y and zis end point of I¥ 1.

Then A is a countable set.

Sintﬁ'— € Cjsla, b] then for every x € A there exists a d-fundamental interval
D7 such that for any t € D} N [a,b] implies

E

|F () ~ F@)| < 53

Consequently, if u,v € D}, m[a, b] with u < x < v we have
|[F(v) = F(u)] < [F(v) - F(z)| + |F(z) — Fu)| <

Let A be a FFC on [a, b] with generator G = {D,},

D=

D! jifx € [a,b] - Y
Dy, =¢ D/nD,"”;ifxeYnIt,
DX ;ifx € A.

If P = {[u,v]; 2} is an arbitrary é-fundamental partition of [a, b] relative to
A, then
P=PLUPaUPy

with

{[uﬁm} CP,z€ [as b] -V
Py = {[u,v;z} cP,zela,b]NIk, ; and

Py

Ps

{lu,v];2} C P,z e A
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Consequently,
I(P) > (F(w) = Blu) - f(2)(v=w)
< 1P Y _(Fo) = F(w) - f(2)(0 =)
+ |(P2) Y (B() = F(w) — f(2)(0=w))|
+ (P3)) _(F(@) = F(u) — f(2)(v —u))| < 4.
This means that f € Rj[a,b]. (m|

3. Conclusion

By changing the concept of interval system by d-fundamental inter-
val system over R, it is successfully constructed §-Henstock integral (R}-
integral). Furthermore, we had proved that this integral is equvalen to

d-special Denjoy integral (Dj-integral).
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